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Abstract 

We present an a-regularization of the Birkhoff-Rott equation, induced by the two-dimensional Euler-a 
equations, for the vortex sheet dynamics. We show the convergence of the solutions of Euler-a equations 
to a weak solution of the Euler equations for initial vorticity being a finite Radon measure of fixed sign, 
which includes the vortex sheets case. We also show that, provided the initial density of vorticity is 
an integrable function over the curve with respect to the arc-length measure, (i) an initially Lipschitz 
chord arc vortex sheet (curve), evolving under the BR-q equation, remains Lipschitz for all times, (ii) 
an initially Holder C^''', < (3 < 1, chord arc curve remains in C^"'' for all times, and finally, (iii) an 
initially Holder C"'^ , n > 1, < /3 < 1, closed chord arc curve remains so for all times. In all these cases 
the weak Euler-a and the BR-q descriptions of the vortex sheet motion are equivalent. 

1 Introduction 



The a-regularization of the Navier-Stokes equations (NSE) is one of the novel approaches for subgrid scale 
modeling of turbulence. The inviscid Euler-a model was originally introduced in the Euler-Poincare vari- 
ational framework in [38,39]. In [13-15,31,32] the corresponding Navier-Stokes-a (NS-a) [also known as 
the viscous Camassa-Holm equations or the Lagrangian-averaged Navier-Stokes-a (LANS-a)] model, was 
obtained by introducing the appropriate viscous term into the Euler-a equations. The extensive research 
of the a-models (see, e.g., [2,7,10,11,13-18,20,31,32,34,34-36,40,42,43,48,49,51,52,63,77]) stems, on 
the one hand, from the successful comparison of their steady state solutions to empirical data, for a large 
range of huge Reynolds numbers, for turbulent flows in infinite channels and pipes [13-15]. On the other 
hand, the a-models can also be viewed as numerical regularizations of the original, Euler or Navier-Stokes, 
systems [7,11,44,52]. The main practical question arising is that of the applicability of these regularizations 
to the correct predictions of the underlying flow phenomena. 
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In this paper wo present some analytical results concerning the a-regularization of the two-dimensional 
(2D) Euler equations in the context of vortex sheet dynamics. The incompressible Euler equations are 



— + {v-V)v + Vp = 
at 

V ■v = 0, 

v{x,0) = v'''{x), 



(1.1) 



where v the fluid velocity field and p, the pressure are the unknowns, and is the given initial velocity. 
A vortex sheet is a surface of codimension one (a curve in the plane) in inviscid incompressible flow, across 
which the tangential component of the velocity has a jump discontinuity, while the normal component is 
continuous. The flow outside the sheet is irrotational. The evolution of the vortex sheet can be described by 
the Birkhoff-Rott (BR) equation [8,67,68]. This is a nonlinear singular integro-differential equation, which 
can be obtained formally from the Euler equations assuming that the evolution of a vortex sheet retains a 
curve-like structure: 



here z = x + iy is the complex position of the sheet and F G (— cxd, oo) represents the circulation, that is, 
7 = l/|-2r| is the vorticity density along the sheet. However, the initial data problem for the BR equation is 
ill-posed due to the Kelvin- Helmholtz instability [8,69]. Numerous results show that an initially real analytic 
vortex sheet (curve) can develop a finite time singularity in its curvature. This singularity formation was 
studied with asymptotic techniques in [23,64] and numerically in [23,46,62]. Specific examples of solutions 
were constructed in [9,29], where the development, in a finite time, of curvature singularity from initially 
analytic data was rigorously proved. After the appearance of the first singularity the solution becomes very 
irregular. This is a consequence of the elliptic nature of the Birkhoff-Rott equations: if solutions have a 
certain minimal regularity, then they are actually analytic [50,79,80]. An open problem is the determination 
of this threshold of regularity that will imply analyticity. It was shown in [50] that any solution consisting 
of a closed chord arc vortex sheet that near a point belongs to C^'^, f3 > must be analytic. The conclusion 
is maintained if the vortex sheet is required to be a Lipschitz chord arc curve [79,80]. 

The problem of the evolution of a vortex sheet can also be approached, in the general framework of 
weak solutions (in the distributional sense) of the Euler equations, as a problem of evolution of the vorticity, 
which is concentrated as a measure along a surface of codimension one. This approach was pioneered by 
DiPerna and Majda in [26-28]. The general problem of existence for mixed-sign vortex sheet initial data 
remains an open question. However, in 1991, Delort [25] proved a global in time existence of weak solutions 
of the 2D incompressible Euler equations for the vortex sheet initial data with initial vorticity being a Radon 
measure of a distinguished sign, see also [30,53,58,59,71,72]. This result was later obtained as an inviscid 
limit of the Navier-Stokes regularizations of the Euler equations [58,71], and as a limit of numerical vortex 
methods [53,54,72]. The Delort's result [25] was also extended to the case of mirror-symmetric flows with 
distinguished sign vorticity on each side of the mirror [57]. It is worth mentioning that uniqueness of solutions 
of the 2D Euler equations was obtained by Yudovich [81] for initially bounded vorticity, see, also, [76] for an 
improvement with vorticity in a class slightly larger than and [75] for review of relevant two-dimensional 
results. This does not include vortex sheets, which admit measure-valued vorticity. There is also a non- 
uniqueness result for velocity in C ((0,T) ,i'^eak) [24,70,73]. However, the problem of uniqueness of a weak 
solution with a fixed sign vortex sheet initial data is still unanswered, numerical evidences of non-uniqueness 
can be found, e.g., in [55,66]. Furthermore, the structure of weak solutions given by Delort's theorem is not 
known, while the Birkhoff-Rott equations assume a priori that a vortex sheet remains a curve at a later time. 
A proposed criterion for the equivalence of a weak solution of the 2D Euler equations with vorticity being 
a Radon measure supported on a curve, and a weak solution of the Birkhoff-Rott equation can be found 
in [56]. Also, another definition of weak solutions of Birkhoff-Rott equation has been proposed in [79,80]. 
For a recent survey of the subject, see [4]. 
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The Eulcr-a model [15,21,37-39,61] is an inviscid regularization of the Euler equations (|l.ip given by 



Here u represents the "filtered" fluid velocity vector, tt is the "filtered" pressure, and a > is a regularization 
lengthscale parameter representing the width of the filter. 

The question of global existence of weak solutions for the three-dimensional Euler-a equations is still 
an open problem. On the other hand, the 2D Euler-a equations were studied in [65], where it has been 
shown that there exists a unique global weak solution to the Euler-a equations with initial vorticity in the 
space of Radon measures on , with a unique Lagrangian flow map describing the evolution of particles. 
In particular, it follows that the vorticity, initially supported on a curve, remains supported on a curve for 
all times. 

In this paper we relate the weak solutions of Euler-a equations with distinguished sign vortex sheet 
initial data to those of the 2D Euler equations, by proving their convergence, as the length scale a 0. 
This produces a variant of the result of Delort [25] , by obtaining a weak solution of Euler equations as a 
limit of an inviscid regularization of Euler equations, in addition to approximations obtained by smoothing 
the initial data, viscous regularization, or numerical vortex methods [25,53,54,58,59,71,72]. Since a weak 
solution of Euler equations with vortex sheet is unlikely to be unique, a different regularization could produce 
a different weak solution. 

We also present an analytical study of the a-analogue of the Birkhoff-Rott equation, the Birkhoff-Rott-a 
(BR-a) model, which is induced by the 2D Euler-a equations. The BR-a results that were reported in a short 
communication [3] are presented here with full details. The BR-a model was implemented computationally 
in [41], where a numerical comparison between the BR-a regularization and the existing regularizing methods, 
such as a vortex blob model [1,19,22,45,53], has been performed. In the BR-a case the singular kernel of 
the Biot-Savart law determining the velocity in terms of the vorticity is smoothed by a convolution with 

a smoothing function G" [x) — -^-^Ko which is the Green function associated with the Hclmholtz 

operator (/ — a^ A) . The function is a modified Bessel function of the second kind of order zero. This is 
similar to vortex blob methods, however, unlike the standard vortex blob methods [1,6,19,22,45,47] (and, in 
particular, the proof of convergence of vortex blobs methods to a weak solution of 2D Euler equations [53]), 
the BR-alpha smoothing function G" is unbounded at the origin. Also, unlike the vortex blob methods that 
regularize the singular Biot-Savart kernel, the Euler-a model regularizes the Euler equations themselves to 
obtain a smoother kernel. 

Section [2] contains the preliminaries about the 2D Euler-a equations. In Section [3] we investigate the 
convergence of solutions of the Euler-a equations for vortex sheet initial data to those of the 2D Euler 
equations, as the regularization length scale a tends to zero. Specifically, we prove that for the vortex sheet 
initial data with initial vorticity of a distinguished sign Radon measure one can extract subsequences of 
weak solutions of the Euler-a equations which converge weak-* in L°° (\Q,T];M{B?)), as a ^ 0, to a weak 
solution of the 2D Euler equations. The space M{S?) denotes the space of finite Radon measures on M^. 

In Section d] we describe the BR-a equation. Section [5] studies the linear stability of a flat vortex 
sheet with uniform vorticity density for the 2D BR-a model. The linear stability analysis shows that the 
BR-a regularization controls the growth of high wave number perturbations, which is the reason for the 
well-posedness. This is unlike the case for the original BR problem for Euler equations that exhibits the 
Kelvin-Helmholtz instability, the main mechanism for its ill-posedness. In Section |6] we show global well- 
posedness of the 2D BR-a model in the space of Lipschitz functions and in the Holder space G"''^, n > 1, 
which is the space of n-times differentiable functions with Holder continuous rfi^ derivative. Specifically, 
we show that (i) an initially Lipschitz chord arc vortex sheet (curve), evolving under the BR-a equation. 
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(1.2) 



V • It = V • w = 0, 
u{x,Q)^ u" (x). 
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remains Lipschitz for all times, (ii) an initially Holder C^-^ , < /? < 1, chord arc curve remains in C^'^ for 
all times, and finally, (iii) an initially Holder C^'^ , n> 1, < (3 < 1, closed chord arc curve remains in C'^'l^ 
for all times. Notice that for n > 1 we request /? to be strictly larger than zero and the curve to be closed. In 
all these cases the weak Euler-a and the BR-a descriptions of the vortex sheet motion are equivalent. The 
convergence of BR-a solutions to the solutions of the original BR system on the short interval of existence 
of solutions will be reported in a forthcoming paper. 



2 Euler-Q; equations 

In two dimensions, the incompressible Euler equations in the vorticity form are obtained by taking the curl 
of (|l.ip and are given by 

| + (.-V),^0, 

v = K*q, (2.1) 
q(x,0) = g™(x), 

where K (x) — ^j^V^ log v is the fluid velocity field, q = curlt; is the vorticity, and g*" is the given initial 
vorticity. Delort [25] proved a global in time existence of weak solutions of the 2D Euler equations for the 
vortex sheet initial data with fixed sign initial vorticity in A^(R^) n Hj^l (R^). The space A^(R^) is the 
space of finite Radon measures on R^ with the norm 



imM = sup 



ipdfi 



Co(M^) is the space of continuous functions vanishing at infinity. The space H denotes the dual of the 
Sobolev space iJ^. The localized Sobolev space Hi^^ (R^), s G R is the set of all distributions / such that 
pf e H^iR^) for any p £ C^{R^), see, e.g., [33]. 

A vorticity g G L°° {[0,T] ,M{R'^) n H[;l (R^)) nLip ([0, T] , H^^f (M^)), L > 1, is called a weak solution 
of lam), if for every test function ?A e (M^ x (0,r)) 



Wiq;iP)= / dt^{x,t)dqix,t)dt+ / / {x,y,t) dq{y,t) dq{x,t) dt = 0, (2.2) 

Jo JR^ Jo JR^ JR^ 

where 

H^{x,y,t) = - ■ ^2 . (2.3) 

47r \x-y\ 

The initial value is q{x, 0) = (7*"(x) and it makes sense since q G Lip ([0, T] , Hj^^ i^"^))- The kernel is 
bounded, continuous outside the diagonal x — y and vanishes at infinity. This weak vorticity formulation is 
well-defined, since the vorticity has no discrete part (i.e., q ({a;o} , i) = for all xq G R^), which implies 
that the diagonal x ~ y has g (x, t) g (y, t)-measure zero, see [25,71]. Thorough discussions of Delort's 
theorem, its extension and different proofs of the result can be found in [12,25,30,53,58,59,71,72]. 
Taking the curl of (|1.2p yields the vorticity formulation of the 2D Euler-a model 

| + (.-V)g = 0, 

M = if " * g, (2-4) 
g(x,0) = g™(x). 

Here u represents the "filtered" fluid velocity, and a > is a regularization length scale parameter, which 
represents the width of the filter. At the limit a = 0, we formally obtain the Euler equations (|2.ip . The 
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smoothed kernel is if" = G" * K, where G" is the Green function associated with the Helmholtz operator 
(/ — A) , given by 



(2.5) 

here x = (xi,X2) € and Kq is a modified Bessel function of the second kind of order zero [78]. To see 
this relationship in one can take a Fourier transform of w = (l — a'^A) u, and obtain G" as the inverse 



Fourier transform of 



Notice that 



if" ix) = V^^-" {\x\) = T-D-^'^ (\x\) , 

\x\ 



(2.6) 



where 



(2.7) 



ar ZTT 



and Ki denotes a modified Bessel functions of the second kind of order one. For details on Bessel functions, 
see, e.g., [78]. 

A weak solution of JlH) is q £ C {[0,T];M{R'^)) satisfying 



dtip {x, t) dq {x, t) dt 



[x, y, t) dq {x, t) dq {y, t) dt = 0, (2., 



for all test functions -0 G G^ (R^ x (0,T)). The initial value is q{x,Q) = q"'^{x) and it makes sense since 
q £ C ([0, T] ; A^(R^)). The kernel iJ^ is a continuous vanishing at infinity function given by 



H^{x,y,t)^l-D^"{\x-y 



{x-y)^ ■{Vi;{x,t)-V^ {y,t)) 

\x-y\ 



(2.9) 



Oliver and ShkoUer [65] showed global well-posedness of the Euler-a equations with initial vorticity in 

Theorem 2.1. (Oliver and ShkoUer [65]) For initial data e A^(IR^), there exists a unique global weak 
solution of Euler-a equations (j2.4p in the sense of (j2.8p . 

Let Q denote the group of all homeomorphism o/M^, which preserve the Lebesgue measure and let rja — rja{-,t) 
denote the Lagrangian flow map induced by (|2.4[) . i.e., which obeys the equation 

dtr/a{x,t) = u {rja{x,t),t) J^2 K°' {r]a{x,t),r]a{y,t)) dq"'' {y,t), r]a{x,0) — x. Then the unique La- 
grangian flow map rja G G^ ([0,T] ',G) exists globally and the vorticity qa is transported by the flow, i.e., 
qa {x,t) = g*" o 77-1 (x,t). 



Notice that the original BR equations assume a priori that a vortex sheet remains a curve at a later 
time, however, in the 2D Euler-a case, it follows as a consequence of the existence of the unique Lagrangian 
flow map, that the vorticity that is initially supported on a curve remains supported on a curve for all times. 



3 Convergence of a fixed sign Euler-a vortex sheet to an Euler 
vortex sheet 

Let the initial vorticity g*" € 7W(M^) n Hj^l (K^) be of a fixed sign, > 0, and compactly supported. In 
this section we show that there is a subsequence of the solutions of 2D Euler-a model with initial data g'". 
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guaranteed by Theorem 12.11 that converge to a weak solution of 2D Euler equations in the sense of 
This produces a variant of the result of Delort [25], by obtaining a weak solution of Euler equations as a 
limit of solutions of inviscid regularization of Euler equations, namely, the Euler-a equations. The above 
regularization method is different from the various existing regularizations that are obtained, for instance, 
by smoothing the initial data, viscous regularization or numerical vortex methods [25,53,54,58,59,71,72]. 
Since a weak solution of Euler equations with vortex sheet is unlikely to be unique, a different regularization 
could produce a different weak solution of Euler equations. 

In order to prove the convergence of the solutions qa of the Euler-a equations (|2.4p to a weak solution 
of Euler equations (|2.ip we follow ideas similar to those reported in [25,58,59,71]. However, due to the 
structure of the Euler-a equations one needs to deal with various technical estimates concerning the "filtered" 
vorticity uia = (l ~ a^A) qa and a'^Auia = qa — ^a- Specifically, we show in Lemma 13.21 and Lemma 13.31 
respectively, that uja have a uniform decay in small disks, sup^^g Q<(<2-_o<if<i,a:o6 S\x-xo\<r'^'^ i^jt) ^ 
C (T) |logi?|~^^^, and the contribution of J^a d \a'^Au!a\ converges to zero, as a ^ 0. 

Theorem 3.1. Let qa be the solutions of the weak vorticity formulation of Euler-a equations (|2.8p . guar- 
anteed by Theorem \2.1{ with initial data (7™ G n H^^]. (K^), 9™ > and compactly supported and 
let T > 0. Then there exists a subsequence qaj that weak-* converges to q in L°° ([0,T] ;A^(R^)) and in 
Ai (M^) for each fixed t, as aj 0, and q is a weak solution of the Euler equations (j2.ip in the sense of 
p.2p with initial data g™. 

The weak-* convergence in L°° ([0, T] ; A^(M^)) means that 

lim / / ip {x,t) dqaj {x,t) dt — / / cp {x,t) dq {x,t) dt, 

for all ipe ([0,T] ;Co(K2)). 

We denote the velocity and the "filtered" velocity by Va and Mq, respectively, and their corresponding 
vorticities by qa ~ curl Va and uja — curl Ua ■ 

Given qa E Al(M^), we define a linear continuous functional Wq, = (l — a^A) qa acting on every 
ipeCo (m2) by 

(LOa,^) = I ({l-a^Ay\)dqa, (3.1) 
where V' = (l — a^A) ^ p is defined as the unique, vanishing at infinity, solution of = (l — a^A) t/i, given 

by 

(l-a^A)-^- / \^KJ^^)p{x-y)dy, (3.2) 
Jr2 27r \a J 

the function Kq is a modified Bessel function of the second kind of order zero, Kq > 0, Kq (r) rdr = 1, 

see, e.g., [78]. From the above its follows that (l — a^A) ^ p < ||v3||^oo. 

We observe that if > then oja is a nonnegative linear functional. Indeed, let (p £ Cq (M^) , tp > 0, 
then 



,2.^-l . /■ 1 1 (\y\ 



{l~a'A) p= Ko[^]p{x~y)dy>0, 
Jr2 27r \a J 

and hence by (|3.1|) (wq, p) >0. Also, 

Therefore, by the Riesz representation theorem (see, e.g., [33, Chapter 7] ) the functional uoa can be repre- 
sented by a unique nonnegative Radon measure, which we also denote by Wq, and 

(3.3) 
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Again, by the Riesz representation theorem, a hncar functional (a^AtJa) defined by 

JE2 \ / 



(3.4) 



for every Lp (£ Cq (K^), can be identified with a Radon measure, which we also denote by a^Aoja- Observe 
that, since for every ip £ Co (K^) 



q;^A(1-q;^A) V - 

we have 

\(a'^Au;„,ip)\ <\\q„\\,, A (l - a"^ A)~\ 



that is, ||a2Au;„||^^jj2^ < 2 \\qa\\M{m) ■ 

We note that by Theorem 12. II the solution qa of Euler-a equations (|2.8p is transported by the flow, that 
is, qa {x, t) = o yy"^ (a;, t), i]a £ ([0, T] ; Q), hence for all t 

hA;t)\\M^h"'\\M- (3-5) 

In addition, if q™ > 0, then > for all times, and therefore also Wq, > for all times. 

The kernel appearing in the non-linear term of (|2.2p is discontinuous on the diagonal x = y, so, 
following [26,59], to prove the convergence of the non- linear term we need the following estimate, which 
shows uniform decay of the "filtered" vorticity cua in small disks. 

Lemma 3.2. Let qa be the solutions of ((2l8)) with initial data q"' e M{M?) n H^'^l (R^), q*" > and 

compactly supported. Then for 0;^ = (l — a^A) ^ qa defined by (13. ip . there exists a constant C = C (T), 
such that for aUa>0,0<t<T,0<R<l and Xq G we have 



I doJa{x,t)<C{T)\\ogR\-^'\ (3.6) 

•l\x-xo\<R 



Proof. Recall that > for all times. The idea of the proof, which is shown in details below, is to convolve 
the initial data with a standard (K.^) mollifier to obtain a sequence of solutions of the Euler-a equations 
that has a uniform decay of the circulation on small disks 



/ UJa,e{x,t)dx<C{T)\\0gR\ 
J\x-xa\<R 



-1/2 



< £ < £o, < t < T, i? < 1, and then the weak-* limit in ([0,T] ,M (K^)) of a subsequence uJa,ej 
when Ej — > 0, which is the solution of Euler-a equations with initial data q*", satisfies a similar bound. 

We observe that, similarly to the Euler equations, any smooth radially symmetric vanishing at infinity 
vorticity g(|x|) defines a stationary solution of Euler-a equations (j2.4p with the corresponding velocity 
V {x) = V^A^^q {\x\) — 1^ sq (s) ds. This could be seen using the vorticity stream function formulation 
for Euler-a equations, which is 

qt + J {p, A^) ^ 0, 
q = A^, 

where J((p,x) — -w^S^ — ^^tt^ is the Jacobian, ip is the velocity stream function, v = V^i/;, and 
(/3 = (l — a^A) ^ xp is the "filtered" stream function, u = V-^(p. Since A and (l — a^A) are rotationally 
invariant, we have that the corresponding (I;=(l — a^A) ^ q, tJj — A^^q and <p=(l — a^A) ip are also 
radially symmetric, therefore J (^cp, At/J) — and hence q defines a stationary solution of Euler-a equations. 
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Let p G (R^) be a standard moUifier, for example, 




/r2 P = li Pe{x) — -p-p{j)- Smoothing the initial data by a mollification with p^, q"^ — p^ * g™, we 
have that for all < £ < the smoothed initial vorticities satisfy g™ > 0, suppg™ C {x\ \x\ < Rq} 
(since g™ is compactly supported), f^2 qT {x) dx = J^2 dq™ {x). Following [26,59] for the 2D Euler case we 
decompose the velocity into a combination of a stationary bounded velocity plus a time dependent velocity 
with finite total energy. Let g (|a;|) be any smooth radially symmetric function with compact support, such 
that /ju2 q{\x\)dx — dq™ {x). Define v — K * q, ql"- — q™ — q and z;™ = K * q™. Notice, that by direct 
calculation divw = and v,\/v,d'^v G (M^). Since /j^a qT = 0; ^^'^ qT has compact support we have 
that f}™ e (K2), Also, due to the fact that g™ e M{R'^) H'l (R^) with compact support, and hence, 
for e < So, the smooth g™ are uniformly bounded in with a common compact support and — K * g™ 
are uniformly bounded in Lf^^, and since g is independent of e, we have that vl" are uniformly bounded in 

L2 (r2), for e < eo- 

Observe, that the stationary part 

M(x)=(l-a^A) ^v{x)=[ ^-!-i^o ( — p(a;-2/)dy, 

Jr2 27r V a / 



satisfies 



<II«IIl=, (3.7) 



\\d'u\\^^<:^-\\Vv\ 



since Kq and its derivative are smooth functions outside of the origin, satisfying \Kq (r) | < C log r, \DKq (r) | < 
Cr~^ and rapidly decaying at infinity. 

Consider the partial differential equation 

d 

— + {Ua,e ' V) Va,e + ^ {Va,e)j V {Ua.,e)j (3.8) 

i 

+ {Ua,e • V) U + ^ VjW {Ua,e)j 
J 

+ (u • V) Va.^e + X! + = 0' 

Va,e = (l - a^A) 



This evolution equation is similar to the Euler-a equations. Moreover, if v^^e (2;, t) is the solution of the 
equation (|3.8p with initial data u™, then v^^e {x,t) — Va.e (x,t) + v (x) is the solution of the 2D Euler-a 
equations (|1.2p with initial data z;™ = K * q™ . 

Similarly to the Euler case (see, e.g., [59]) this equation has a unique global infinitely smooth solution, 
since, as in 2D Euler case, we have an a priori uniform control over the L°° norm of the ga,e, which 
implies the global existence, as in the proof of the Beale-Kato-Majda criterion [5]. The solution Va.e is in 

([0, oo),!?" (^^)) fo'' ^h s > 2, and hence, by Sobolev embedding theorem, d^Va^e and, consequently, 

d'^Ua.e {x) = /jj2 -i^j^Ko (^^"j Va,e {x - v) dy are also in Co (R^) for aU k. 

Moreover, the solution Ua.e is in L°° ([0,oo) (^^)) due to the following a priori estimate. Taking 
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~|2 

u\ 



the inner product of p.8p with Ua^^ we have (omitting the subindices a and e) 

1^2 |Vu|^2^ = ((u • V) Au, ii) — ^ {vjVuj,u) 

3 

= h-h- 

Since div u = 0, for Ii we have 



1 d 
2di 



,2 



dui 9m, 9m,- 9 v-^ f - f d'^ _\9. 



Since the second term on the right is zero, we obtain that 

|/i|<Ca2||VS|l^^ \\Vu\\l. 



Now we estimate /2 



I2 — y UjVuj ■ u — J AujVuj ■ u 



We have 
and 

hence 



II2J < c 11^11^2 II Vm|1 



^ 2 [ 2 /" ^""j ^ ""j - 

dxk dxi dxk J dxk dxkdxi 

i,j,k ^,3,1^ 



I/22I < Ca' \\yu\\l2 \\Vu\\^^ + Ca^ ||Vm||^2 ||m||^2 \\d'u 



To conclude, we obtain 

J|u||^2 + a' \\\/u\\l.) < C (a' ||VS||^^ ||VM||i2 + 11^11^2 ||VS||^^ + a ||Vu||^2 11^1^2 a \\d^ 



1 d 
2dt 



Hence, thanks to p.7p . 



ld_ 
2 



1^11^2 + a' W^uWl.) < C IIVCII^^ (a^ ||VM||i2 + |lM|li2 j , 
and by GronwaU inequahty 

\\ui;t)\\l^+a' l|VM(-,i)||i2 < e^ll^'^ll-* (||M(.,0)||i2 ||Vm(.,0)|'' 



L2 



<eC||vs||,^t||~(.^0)|,2 



L2 



Hence we have that for all < e < eo: < t < T, the solution of Euler-a equations with the smoothed initial 
data satisfies (we now put back the subindices a and e) 

ll^a,£ (■'*)IIl2(B(i:o,1)) - 11"""'^ (■'*)IIl2(B(2:o,1)) W^W L^iBixo,!)) 

< IIWq.S i)|| L2(R2) + TT ||u||^^^jj2) 

< C{T), 
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where C(T) = C (||(7" ||_^ , , Ugll^oo , eo, i?o) e'^H^"!!^-* + irM^^f^^.y This is enough to show 

uniform decay of the vorticity Ua.e in small disks (see [71], we remark that here the fixed sign of the vorticity 
comes into plac£0 ): for i? < 1, e < eg 



sup / LUa,e{x,t)dx <C{T)\\ogR\ 

0<t<T J\x-xo\<R 



By (1331) \\^a,6 < ha.e i' , M = Ike'll^^ = hencc there exists a subsequence LUa,6j which 

converges weak-* in ([0,T] ,A4 (R^)) to the limit oja- This limit has a similar decay 

sup / duJa {x,t) < liminf sup / ^a.ej {x,t) dx < C (T) |logi?|~^^^ . 

0<t<T J\x~xo\<B. "^J^O 0<t<T J\x-xa\<R. 

Furthermore, — (l — a'^A) oja is the solution of the Euler-a equations (|2.4p . the passing to the limit 
in lim^^.^oM^" (9a,e,;^) = W (qa;i^) is straightforward since G C ([0,T] , {Co (K'))') and 
equicontinuous in time with values in a negative Sobolev space W~^'^ (which, together with qa,ej — 

in ([0,T],M (M2)), implies fc^e, (a;, (2/: ^) ^ (2:, 9a (y, in {[0,T] , M {R'')) , see [71, 

Lemma 3.2]). The equicontinuity follows from the fact that |a;| D'^" {\x\) is bounded (in fact, it is bounded 
independent of a) and hence we have for all tp G (M^ x (0, T)) 



are 



dtll> [x, t) Qa^ej [x, t) dxdt 



(3.9) 



f I I i\x-y\) ^^- ■ ? - ^» g.,, (., t) g.,.. (,, t) dxdydt 

Jo JmJK^ \x-y\ 

<l\\\x^y\D-^'' {x~y)\\^^ [ \\D^i'{-,t)\\ro.„2) f qa,eA^:*)dx[ Qa,,,^ {y,t) dydt 

II 1 1 2 

- '^P^IIa^ IIV-'IIli([o,T],VK2.°°(R2)) 

II 1 1 2 

- ^ P*" IIa^ IIV''llLi([o,T],_f/4(R2)) ' 

where in the last inequality we used the Sobolev embedding theorem. Hence dtqa,e are uniformly bounded 
in ([0, T] , [m?)), and hence qa,e, are uniformly bounded in Lip ([0, T] ; H''^ (R^)) . □ 

We also need the following result 

^In [71] to prove the uniform decay of the vorticity in small circles 



one defines for R < 1 
I 1 \x\< R, 

\x\ > Vr. 



Then \V5r\^2 < C\\ogR\-^^^ . We have 

/ UJa^E (x,t) dx < / Sjl (x — Xo) UJa,is {x,t) dx 

J\x-xo\<R ' JvJ^ 

< [ V-5aix-x,)u^.ix,t)dx 



<CiT)\logRr^^\ 
Here in the second transaction we used the fact that uja^s ^ 0. 
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Lemma 3.3. Let q he a finite Radon measure, q = {\ ~ a^A) lj, as defined in (|3.ip - (|3.4p . the 



j d\a'Au\<Ca\\q\\j^. 

Proof. For the theory of Radon measures, see, e.g., [33]. Fhst, we show that for aU compact K C 

\o?/^u:\{K)<Ca\\q\\j^. 
By Riesz representation theorem (see, e.g., [33, Chapter 7] ) 

\a'^u\ {K) = mf fd \a'^u\ : f £ Cc (M') , / > XA'j ■ 

Let R be such that K C B{0,R), take € C^{M.'^) with < e{x) < 1 for aU x, with 0{x) = 1 if 
x\ < i?, 0ix) = if [xl > i? + 1. For example, t 



aA(l 



'-Ay'0 



Xb(o,r+i/2) * P"^ Then by p.ip and using that 

< CWVeW^^ (see, e.g., we have 

U^Awl (K) < I 0d\a'^Auj\ 

< / a^A{l-a^Ay^0 d\q\ 

JR2 



<Ca\\q\\j^\\V0\\^^ 
<Ca\\q\\j^. 



Now, since a Radon measure is inner regular we have 



^ 1 = sup {ja^Awl (K) : K C M."^ , K compact} 
<Ca\\q\\^. 



□ 



Now we are ready to prove Theorem 13. II We notice that p.9p implies that q^ E Lip ([0, T] ; H^"^ (■''^^)) ■ 
Hence due to (|3.5p there exists a subsequence, that we relabel as qa, such that qa ^ q weak-* in L°° ([0, T] , A4 (M? 
and in M (R^) for each fixed t, as a ^ 0. Also, due to qa & Lip ([0, T] ; (R^)) and qa ^ q weak-* 
in L°° ([0,r] we have that q^ {x,t)qa {y,t) q{x,t)q{y,t) weak-* both in {[0,T],M (R^)) 

and in M (K^) for each fixed i e [0, T], as a — > (see [71, Lemma 3.2]). 



Since qa is uniformly bounded in A^(R2) and Lip ([0, T] ; if-^ (M.^)) (by ([31])), A^(R2) ^ H, 



comp 



loc 



^loc (^^) for 1 < s < 4, then by Arzela-Ascoli theorem there is a subsequence of qa that converges to some 
g in C ([0, T] ; Hj^'^) , and hence q is also in Lip ([0, T] ; -ff;^^) . Applying both types of convergence of the go- 
to the integral J^2 "0 (t) V {^) dqa {x, t) for every ^ € Cc ([0, T]) ,ip € Cc (R^) shows that q — q, and hence 
the hmit q belongs to Lip ([0, T] , iJ^";;^ (K^)) as well. 

We observe that uja {t, •) also weak-* converges to q in Al (K^) for every t G [0,T], as a ^ 0. Indeed, let 
(peCc (R^) then 



< 



(fi (x) dq {x , t) — / (p (x) duJa {x,t) 



(p {x) dq {x , t) — / (p (x) dqa {x , t) 

'■ JR2 
tp {x) dqa {x , t) — / ly9 (x) (x, i) 
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the first term on the right-hand side converges to 0, since ^ q in M (M^), as a ^ 0, and the second term 
is equal to | Jjja (pd (a^Awa) | < ||</j||ioo d |a^Aw| — > 0, as a ^ 0, due to Lemma [331 Hence also q decays 
in smaU disks, that is, for ah < t < T, < i? < 1 and xq e 

/ dq{x, t) <\imM [ dLJa{x,t)<C{T)\\ogR\~^^^ . (3.10) 

J\x~xo\<n. J\x-xo\<R 

Next we show that q is a weak solution of the Euler equations (j2.2[) . namely, for every test function 
e (K^ X (0, T)) 

l^(g;V)= lim W (ga;^) = 0. 

The convergence of the linear term is obvious from the weak-* convergence ^ g in L°° ([0,T] ; A^(R^)), 
as a — !■ 0. Hence we need to show the convergence for the non-linear term 

lim M^^i (Qo;^) = t^JVL (q;^). 
We rewrite Wnl (<?; V') - W^^l (^a; ^) as 

Wnl iq;ip) - W^i^{qa;i^) = / / H^, {x,y,t) [dq {x,t) dq {y,t) - dqa ix,t) dqa iy,t)] dt 

Jo JR2 Jr2 



+ / / / {H^{x,y,t)- H^{x,y,t))dqaix,t)dqa{y,t)dt 

Jo JR2 JR2 

= /i +/2. 

We recall that the kernel is bounded by a constant times j;^oo j tends to zero at infinity, and it is 

discontinuous on the diagonal x — y (see [71]). 

Let e (|x|) e C-^{R^) be a fixed cutoff function < 61 < 1 with 6* = 1 for \x\ < 1 and 6* = for \x\ > 2. 
Let < S <1. Write Ii as 



h = 



1 - 



\x - y\ 



5 

x-y\ 



{x, y, t) {dq {x, t) dq (y, t) - dqa [x, t) dqa (y, t)) dt 



{x, y, t) {dq (a;, t) dq {y, t) - dqa {x, t) dqa (y, t)) dt 



H^eC ([0, T] , (Co (K'))') and ^ (x, t) qa (y, t) ^ q {x, t) q {y, t) weak-* in L°° ([0, T] , M 



Since ^ „ , 

as a — > 0, then linia^o In ~ 0. Now we estimate I12 



\Ii2\< [ I I \H^{x,y,t)\dq{x,t)dq{y,t)dt 

Jo Jr^ J\x-y\<2S 



\X-V\<2S 

{x,y,t)\dqa {x,t) dqa {y,t)dt 

lO JS?J\x-y\<2S 
= I12I + -^122- 

For /121, due to uniform decay of the vorticity q in small disks (|3.10p . we have for 26 < 1 



h21<\H^\L^ I I I dq{x,t)dq{y,t)dt 
Jo Jr^ J B{v,2S) 



B{y,25) 

<C{T)\\og26\-"^\\q^-\\^ 
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To estimate /122 we use p.6p (for 25 < 1) and Lemma 



Ii22<\H^\l^ f f f d{{l~a^A)iUa){x,t)d{{l~a^A)uja){y,t))dt 

Jo JS?J\x-y\<25 



dbJa {x, t) duJa (U , t))dt 



x-y\<2& 



duja{x,t) / d la^Awfj (x, i) I + ( / dla^ Au) a {x,t) 



dt 



< C (T) \log2S\-'/' ||q" +a{l + a)CT , 

Thus, I12 0, as S and a converge to zero. 

It remains to estimate I2, by ([2?3l) . ((2?9| and ([2Jl) 



/2 = 



1 



1 



47r Jo 7r2 Jb2 a 



k - y\ 

a 

1/2 



^ {x- y)^ 



(x,t)-7/;(y,t)) 

- y\ 



dqa {x, t) dqa (y, t) dt. 



Now, for ^ ^ 00 ^Ki (^) < C (f )^'^ -^-r ^ [78]. Hence, for each e > 0, there is an L large enough, 
depending on e, such that -^Ki (^) < £, whenever ^ > L. Write I2 as 



1 

47r 



— -^21 + -^22- 

We have 



1 - 



y\ 



aL 



- y\ 



[x-y) j j dqa{x,t)dqa[y,t)dt 

F - y\ 



—Ki 



aL J a 



{xp{x,t) ~Tp{y,t)) 

(x-y) ■. ■. dqa(x,t)dqa[y,t)dt 

F - y\ 



>L 



\x-y\ 



|x-yl ^ f\x-y\\ \W{^{x,t)-^{y,t))\ 



aL 

dqa {x,t) dqa {y,t)dt 



y\ 



dqa (x, t) dqa (y, t) dt 



< e LdV 



1 
1 





r 

2 

M ■ 



'->L 



dqa (x, t) 



Since ^Ki (^) < C for aU r (independent of a), then similarly to the bound on /122, we have that for 



a < 



2L 



I22 < C {T)\log2aL\-'/' \\D^^^^ ^"{1^^ + a {1 + a) CT \\D^^^^ 



Hence for each e > 0, there is an L large enough, depending on e, such that (for a < ^) 

l2<C (T, ^, ll-z" (e + |log2aLr^/' + a (1 + a)). 
For each e > 0, there is S* such that |logr| < e, whenever r < S*. Hence, for a < min 51:1 e| 

l2<sC{T,^P,\\q"^\\J. 

Therefore, linia^o I2 — 0. This concludes the proof that q is a, weak solution of the Euler equations 
with initial data g™. 
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4 BirkhofF-Rott-Qf equation 

The BirkhofF-Rott-a equation, based on the Euler-a equations (j2.4p is derived similarly to the original 
Birkhoff-Rott equation. Detailed descriptions of the BirkhofF-Rott equation as a model for the evolution 
of the vortex sheet can be found, e.g., in [59,60,68]. We remark, however, that while the BR equations 
assume a priori that a vortex sheet remains a curve at a later time, in the 2D Euler-a case, if the vorticity 
is initially supported on a curve, then due to the existence of the unique Lagrangian flow map dtri(x,t) = 
J^2 {x,y) dq {y,t), r]{x,0) = x, q{x,t) = a™or]~^ (x.t). given bv Theorem l2.1l of Oliver and ShkoUer [65], 
it remains supported on a curve for all times. Existence of the unique Lagrangian flow map implies that 
the BR-a equation gives an equivalent description of the vortex sheet evolution, as the weak solution of 2D 
Euler-a equations. It is described in the following proposition. 

Proposition 4.1. Let E A^(E^) supported on the sheet (curve) 

E™ = {a; = x{a) G K^Ictq" < < a™}, with a density 7™(ct), that is, the vorticity satisfies 

for every if € (K^), ^ i^(|a:^(T| dcrj^. Let q be the solution of (|2.4p in the sense of the Theorem 
\2.1\ Then, for as long as the curve = {x — x{a, remains nice enough 

so that Xa makes sense a.e., q has a density j{a,t) supported on the sheet E(t), j{-,t) € L^{\xa-\da), 
7 (cr, t) \xc! (cr, t)\da ~ ^ (a, 0) \xa- (cr, 0)| da and the sheet evolves according to the equation 



^x{a,t)^ [ ''' \''ix{a,t)-xia',t))-f{a',t)\xaicT',t)\da', (4.1) 



where K" is given by (|2.6p . Additionally, ifT (cr, t) — J^, 7 (cr', t) \x„ (cr', t)\ da' , where x (cr*, t) is some fixed 
reference point on S(t), defines a strictly increasing function of a (e.g., as in the case of positive vorticity), 
then the evolution equation is given by the Birkhoff-Rott-a (BR-a) equation 



d 



-x{T,t)= K^{x{r,t)-x{T',t))dr' (4.2) 
dt Jr„ 

with 7 = l/ja^rj being the vorticity density along the curve and —00 < Eg < Fi < 00. 



^Let S be a curve parametrized by x{a) : [(Jo,'^i] — > K^, such that x„- g L^{[ai),cri]), and let q G M(M?) be supported on 
the curve E, with a density 7. Then 7 £ L^dx^l da) (and vice versa). 

Proof. First, assume q > 0, and let 8^ be a truncating sequence, 6»„ e C^{R^), e„ (x) = 6»i (^), 6»i e C^{R^), < 6»i < 1 
with 61 = I for \x\ < 1 and 9i = for \x\ > 2. Then, on the one hand, 

1 9„ {x{a)) ^f{a)\xa- (cr) \da > f 'y{a-)\xcr (a) \da; 

J (TQ J {a •.\x{c7)\<n}n[fTQ ,ai] 

r 0„ ixia))^ia)\x^ (a) \da = [ e^ix)dq^"(x) < < , 

"/i(T)\x„ (cr) \da < \\q\\^ . 



on the other hand 



hence 



{rT:\x{a)\<n}n[ao,rTi] 

Since n can be taken arbitrary large this implies that f^^^ 7(cr)|xCT (cr) \dcr < 00. Now, for a signed measure we apply the previous 
result to each of the nonnegative measures 9+, q~ , given by the Jordan Decomposition of q, q = q^ — q~ , which is defined by 

/ ip{x)dq''= (x) = f ip{x{a))-/^{a)\x^ {ij)\da. 

□ 
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In Section [H] we show the global well-posedness of the Birkhoff-Rott-a (|4.2p in the space of Lipschitz 
functions and in the Holder space C"''', n > 1, which is the space of n-times differentiable functions with 
Holder continuous n^^ derivative. Thus the solutions the Birkhoff-Rott-a and of the Euler-a are equivalent 
for the initial data being a finite positive Radon measure supported on Lipschitz or Holder C"'^''^ ((ro,ri)), 
< /3 < 1, chord arc curve, or supported on ((Fo, Ti)), n > 1, < /? < 1, closed chord arc curve. 

Here <jQ,ai can represent either a finite length curve, or an infinite one. We remark that the smoothed 
kernel K" {x) is a bounded continuous function, that for ^ ^ behaves asymptotically as K"' {x) = 

— j^-^x-^ log ^ + (t^) ' i-^-' it non-singular kernel at the origin. For the case where 7 (•, t) G da) 

we can show the integrability of the relevant terms, even though \K°' {x)\ is decaying like |a;| ^ at infinity. 



5 Linear stability of a flat vortex sheet with uniform vorticity 
density for 2D BR-a model 

The initial data problem for the BR equation is highly unstable due to an ill-posed response to small 
perturbations called Kelvin-Helmholtz instability [8,69]. The linear stability analysis of the BR-a equation 
shows that the ill-posedness of the original problem is mollified, and the Kelvin-Helmholtz instability of 
the original system now disappears. We assume that the vortex sheet can be parameterized as a graph 
X2 = X2 {xi,t), the proof can be easily adapted to establish the result in general. In this case, following 
calculations presented in [60, Section 6.1], one can infer from (|4.ip the system 

dx2 dx2 , . 

where the velocity field u = (iti,U2)* is given by 

u{xi,t)=p.v. / K"' {x {xi,t) — X {x'i,t)) J {xi,t) dx'i, 
Jm 

here x{xi,t) = (xi, X2 (xi, t))* and p. v. is taken at infinity. We recall that K°' (x) = j^D'^"- {\x\) and 

D5'"(r) — ^ [^^-^"^1 (^) + 7] ; s-iid denotes a modified Bessel functions of the second kind of order one. 
By linearization of (|5.ip about the flat sheet X2 = with uniformly concentrated intensity 70, which is a 
stationary solution of (|5.ip . we obtain the following linear system 

0X2 

57 dui 
dt ^'^ dxi ' 

where 

ui (xi,t) = -70 (sgn(xi) D^'^ {\xi\)) * 

U2 (xut) = (sgn(a;i)i:>*" (IxiD) *7, 

and (x2,7) is a small perturbation about the flat sheet X2 = with the constant density 7 = 70. See [74] 
for the description of the original Birkhoff-Rott system in such a case. 

Consequently, the equation for the Fourier modes (transform) of the above system is given by 




§ sgn(fc)d(fc) 



2 ' 




(5.2) 
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where 



1 



Observe that in order to calculate the Fourier transform 

J'{sgn{x,)D'f"{\xi\)) (fc) ^ '-sgn{k)d{k), 
we used here the integral representation of the modified Bessel function of the second kind 

1 /2 

Ki (xi) — Xi e~^i* {t^ — l) dt^ (see, e.g., [78]). The eigenvalues of the coefficient matrix, given in (|5.2p . 
are 

1 ( f I 



X{k)^±-\^,\\k\\l-[l + -—^] ). (5.3) 



We observe that while the linear system for the original Birkhoff-Rott equation is elliptic (in space and time) 
for a Birkhoff-Rott-a equation it is no longer an elliptic system 

since |c?^(fc)fc^| is bounded and behaves like ^^rp-, as fc ^ 00 (for a fixed). 

To conclude, the a-regularization mollifies the Kelvin-Helniholtz instability as follows: we have an alge- 
braic decay of the eigenvalues to zero of order ^pj^, as fc ^ 00 (for a fixed). While, for a ^ 0, for fixed fc, 

we recover the eigenvalues of the original BR equations ±i I70I \k\ (see, e.g., [74]). 

For the sake of comparison, we note that for the vortex blob regularization of Krasny [46], where the 
singular BR kernel, K{x), was replaced with the smoothed kernel 

the eigenvalues are 

A(fc)=±ie-^^|7o||A:| 

with an exponential decay to zero, as fc ^ cxd (5 > is fixed). As (5 — !■ 0, for fixed k, one recovers again the 
eigenvalues of the original BR equations. 

The behavior of the eigenvalues of the linearized system (j5.2l) indicates that high wave number pertur- 
bations grow exponentially in time with a rate that decays to zero, as A: — > 00, which is the reason for 
well-posedness of the a-regularized model. This is unlike the original BR problem that exhibits the Kelvin- 
Helmholtz instability. It is worth mentioning that the a-regularization is "closer" to the original system 
than the vortex-blob method at the high wave numbers, due to the algebraic decay instead of exponential 
one in the vortex blob method. This result was also evaluated computationally in [41]. 



6 Global regularity for BR-a equation 

In this section we present the global existence and uniqueness of solutions of the BR-a equation (14. 2p in the 
space of Lipschitz functions and in the Holder space C"''^, n > 1, which is the space of n-times differentiable 
functions with Holder continuous n"^ derivative. 
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Let us first describe the Holder space C^-f^ (J C K;M2), < /3 < 1, which is the space of functions 
X : J C M ^ , with a finite norm 



k=0 



+ 



CO(J) 



where 



co{j) = sup|x(r)| 



and |-|^ is the Holder semi-norm 



l/3(J) 



|x(r)-x(r')| 



sup 

r,r'ej |r — T 

r=ir' 



The Lipschitz space Lip (J) is the C'^'-'^space, that is, with the finite norm |la:||Lip^j) — \\x\\(joi^j-j + |2^li(j)- 
We also use the notation 

\x{T)-x[r)\ 



= inf ■ 



iF-r' 



where the infimum is taken over all r,r' G J such that F 7^ F', or, in the case of a closed curve (without 
loss of generality, over S"^), the infimum is taken over all r,F' e such that F 7^ F' mod 27r. 

We consider the BR-a equation as an evolution functional equation in the Banach spaces Lip, or 
C"''3, n > 1, < /3 < 1, 



dx r ^ 

|^(F,0 = K^{x{T,t)~x{T',t))dT', 
x(F,0) = .To (F) 



(6.1) 



with 7 = l/|a;r| being the vorticity density along the sheet and —00 < Fq < Fi < 00. Notice that the density 
7(r) is in C"-i^'3 ((ro,Fi)) for the subset {|a;|^ > 0} of C"'/^ ((FcFi)), and 7(F) e ((FcFi)) for the 
subset {|a;|, > 0} of Lip ((Fq, Fi)). 

Theorem 6.1. Let -00 < Fq < Fi < cx3, V" 6e either the space C^'*^ ((Fq, Fi)), < P < 1 or the 
space Lip((Fo,Fi)) and let xq Cz V D {\x\^ > 0}. Then for any T > there is a unique solution x G 
([-r,r];y n {l^l^ > 0}) of (EH) with initial value x{T,0)^xaiT). 

Furthermore, let xq be a closed curve and without loss of generality, we assume xq (F) e C"^'^ (51) n 
{|a;|^ > 0}, then for alln > 1, < /3 < 1, T > there isaunique solution x e ([-T, T]; C"^'^ {S^) n {|a;|, > 0}) 
of (|4.2[) with initial value a; (F, 0) = xq (F). In particular, if xo £ C°° (5^) n {|a;|^ > 0} then 
xeCm-T,T];C^ {S')n{\x\,>0}). 

Notice that for n > 1 we request f3 to be strictly larger than zero and the curve to be closed. 

We remark that, although the kernel if" is a continuous bounded function, its derivatives are unbounded 
near the origin, and the chord arc condition |a:|* > 0, which implies simple curves, allows us to show the 
integrability of the relevant terms. 

The following are the main steps involved in the proof of Theorem 16.11 In the first step, we apply the 
contraction mapping principle to the BR-a equation (j4.2[) to prove the short time existence and uniqueness of 
solutions in the appropriate space of functions. Specifically, we show that an initially Lipschitz or C^'^ , < 
(3 < 1 smooth solutions of (|4.2p remain, respectively, Lipschitz or C"'^^^ smooth for a finite short time. Next, 
we derive an a priori bound for the controlling quantity for continuing the solution for all time. At step 
three we extend the C^'^ , < /3 < 1, result for higher derivatives for the case of a closed curve. 
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6.1 Step 1. Local well-posedness. 

First we show the local existence and uniqueness of solutions. To apply the contraction mapping principle 
to the BR-a equation (|6.ip . we first prove the following result 

Proposition 6.2. Let -oo < To < Ti < oo, 1 < M < oo, y be either the space C^'>^ {{To,ri)), < (3 < 1 
or the space Lip ((Fq, Fi)), and let be the set 

K^' = !^xeV:\x\,<M,\x\^>j^ 

Then the mapping 

X (T) ^ u {x (r)) = / K°'{x{T)-x{r'))dT' (6.2) 



"To 

defines a locally Lipschitz continuous map from K'^'^ , equipped with the topology induced by the norm, 
into V . 

Proof Notice that iC*^ is an open set in V. We recall that (x) = V^^f" (|a;|) = i\x\) , where 

(0 = ^ [Ko (i) +logr] and D^^{r) = ^(r) = -L [-iR, (^) + i] . The functions Ko and K, 
denote the modified Bessel functions of the second kind of orders zero and one, respectively. For details on 
Bessel functions, see, e.g., [78]. We observe that £)\1/" is bounded 

£'*"(r)<-, (6.3) 

a 

derivatives of decay to zero as — — > oo, and as — ^ satisfy 



J log - + O - 

47r a \ a.' 

D'^^ {r) = -^^log- + o(^ 
47r a \ 

1 1 „ / r , r 

a 



^'^"M--^A + o(4iog. 

47r ra^ V a* 



The constant C will denote a generic constant independent of the parameters, while, C(o) denotes a constant 
which depends on o. 

First we show the local existence and uniqueness of solutions in C^'^ , < f3 < 1. 

We start by showing that u {x (F)) maps K^^ into C^'/^. Let a; € K^' . Using the boundness of ZJ^f" 
we have ^ 

\u (x (F))| < r D-^'^ {\x (F) - X (F')|) dV < - (Fi - Fq) . (6.5) 

Using that 



^ (r)) - ' Vif " (x (F) - X (F')) ^ (F) dF', 



(which can be justified by applying Lebesgue dominated convergence theorem) and the fact that |^ (F)| < 
M, we obtain 

%{x{T)) <M f\vK"{x{T)-x{T'))\dT', 




(ro,ri)n|^l^<e| 7(ro,ri)\|^l^<e|y ' 
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where e is to be defined later. Due to (|2.6p . (|6.4p and 



M a 

we have that for a fixed small e 

h < 



1 |r-r'| ^ |r-r| ^ |x(r)-x(r)| ^ 



a 



da; 



|r-r'| 



< Me, 



CO 



a 



(6.6) 



/ 1 



log C (M) 



|r-r'| 



C (M) dV 



|r-r'| 



= C(M)-. 

For I2 due to the boundness of jVii'"! in (ro,ri)\ | ' < e ^ we obtain 

, . C{M) 

Summing up, 



(Fi - To) 



/ 1 

I vif " {x (r) - x (r'))| dr' < c Af, Ti, To, - 

ro V a 



and hence 



df 



(^(r)) 



< c M,ri,ro, 



(6.7) 
(6.8) 



To show the Holder continuity of ^ (a; (F)) we write 



I (.(D)- I (.(f)) 



< / \VK"{x{T)-x{T'))\ 



^(T)- — (f ) 

dr ^ dr ^ 



dV 



+ / I Vi^" (a; (r) - X (r')) - VK" {x (f ) - a; {T')) 
r 

/3 



dr ^ 



dr' 



< 



da; 
df 



|r - r'r / |Vif" (x (r) - x (r'))| dr'+ 

p "'ro 

+ Af / I VX" (a; (r) - X (F')) - Vif" (a; (r) - a; (F')) | dF'. 
The first term on the right-hand side is bounded by C (M,ri,ro, -) |4f L |r — f I'^due to (|6.7p . as for the 



second one, let r 



r-r 



and write 

To 



/ = / ' I VX" (a; (r) - X (r')) - VK" {x (f ) - x (T')) \ dT' 
(ro,ri)n|^^^<2r| /'roji) 



p_p' If— r'l 
For Ii we have < 2r, and hence < 3r. Due to (|2.6p . the fact that 



\D^^" {s)\ < 



log- 
a 



C 



(6.9) 
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and (|6.6p we obtain 
h < 



^ \VK'^ixiT)-xir'))\ + \VK'^{x{T)-xiT'))\dT' 

(ro,ri)nj L^<2r I 



< 



C 



< 



a 
C 



2 I /|r-r' 



v2 I /|r-r 



'-<2r 



'-<2r 



\x{T)-x{T')\ 



log 



log C(M) 



a 

|r-r'| 





/ 















log 



|x(f)-x(r')| 



logC(A/) ■ 



If -r'l 



dV + ra 
dT' + ra ] 



<C(Af,-jr(|logr| + l). 

|p_p'| |r— r'l 

For /2 we have — - — - > 2r, and hence - — - — - > r. By the mean value theorem (MVT), (|2.6p and the fact 

that 



D^^-" (s) < 



1 1 C 



(6.10) 



we have that for V" £ [r, T] 

I vif" (x (r) - X (r')) - vx" {x (f ) - x (r')) | < 



dx 




dT 


CO ( 



c 



c_ 

n;3 



< C A/, - r 



1 



|r"-r'| 

we also have that > r and Fq < F" < Fi. Hence 



)n 



a J Vir"-r'| 



1 UF' 



-F' 



Summing up we obtain 



<C( Af,-,Fi,Fo)r(l + |logr|), 



|/| <C( Af,-,Fi,Fo) |f-F| (|log|f-F||+l), 



(6.11) 



which implies the Holder continuity of 4S (x (F)) for < /? < 1. 



It remains to show that u (x) is locally Lipschitz continuous on K . We will show that for x G K , 



(x) y\\,j, < C Af, ,Fi,Fo,/3) \\y\\,^^ . 



Hence for any a; e K^'^ , let d be such that B {x, d) C K^^ , then for every x,x £ B {x, 5) by the fundamental 

d 



theorem of calculus 

\\u{x) - u(£)||i_^ 



de 
1 



u{x + e {x — x)) de 



l,/3 



DxU [x + £{x — x)) [x — x) de 
< C (^^,Af,||5 + £(i-a;)||i^^,Fi,Fo,/?^ de 
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that is, the map is locally Lipschitz. 

Let X e K'^', y £ C^''^ ((rcTi)), we now compute 



D^u {x (r)) y (r) = -u {x (r) + ey (F)) 



e=0 



d 

de 



if" (x (r) + ey (r) - X (T') ~ ey (F')) dV 



ro 



e=0 



ri 



VX" {x{r)-x{T')){y{T)-y{r'))dT'. 



ro 



Now, we show that 



\\D^u (x (•)) y (Olli,^ < C (^i, M, llxlli^^ ,ri,ro,/3) llylli^^ . 
To estimate \\Dxu{x)y\\(jo we use (|6.7I) 

\D,u{x)y\ < C I^M,Ti,Ta.^ \\y\\co . 



(6.12) 



Next we estimate || ^D^^jU (a;) . For T' ^ T, \I K°' [x [T) - x {T')) {y {T) - y [T')) is difFerentiable in T, 
hence (can be justified by using Lebesgue dominated convergence theorem) 



^D.,u {x (r)) 2/ (r) = ^ ' vx" {x (r) - x (r')) ^ (r) dV 

+ X"^' E d^^d^.K- (r) - ^ (r')) ^ (r) (y, (r) - y, (r')) dr'. 



Notice, that although, for T' close to T, jC^ii:" (^ (r) - x (r'))| = O ( ^2|^(r)-^(r')| ) (^"^"^ (ESI and (EH)), 
the term (y (F) — y (F')) cancels the singularity in j;(r)-z(r') ' ^'^^^ ^ singular integral. 

We have 



—D,u{x{r))y{r) 



< 



dy 






dT 


CO 




dx 






dT 







|Vif" (a;(F)-:E(F'))|dF' 
D'K" (x(F)-x(F'))||y(F)-y(F')MF'. 



\D'K'^ {x{T)-xiT'))\\yiT)-yir')\dT' 



Write the second integral on the right-hand side as 

r 

= h + h 

for a fixed small e. Then due to (|2.6p . (16. 4p and (|6.6p . we obtain 



+ 



1 



h < C- 



< CM- 

a 



dy 




dT 





M 



|r-r'| ^. |r-F 



-|F-F'|dr' 



dF 
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For 1-2 we have 



h<C[ M, 



1 



dV 
1 



CO J(ro,ri)n{|r-r'|>£a} 



|r-r'|dr' 



<c M,ri,ro,- 





dy 




) 


dT 


CO 



Hence 



D.,uix{r))y{r) 



< \\y\\ciC[M,ri,r, 



(6.13) 



It remains to estimate \-^Dj.u (x) y 



—D,uixir))yir) 



^D^u {x (f )) y (f ) = 1^"^' (S7K" {x (V) - x (F')) ^ (F) - Vif" {x (f ) - x (F')) ^ (f dF' 



ro 



^ (x (F) - (F')) ^ (F) (y, (F) - (F')) 



(f ) - X (F')) 1^ (f ) (y, (f ) - y, (F')) 



rfF' 



We write /i as 



ri 



^ (F) - ^ (f ) 
dV^ ' dV^ ' 



dV 



\h\< / \VK-{x{T)~x{T'))\ 

J To 

r-r, 

\SJK" {x (F) - X (F')) - VX" {x (f ) - x (F')) | 

To 

< hl+h2- 

Using (16. 7|) to bound /n and ()6.1ip to bound J12 we obtain that 



dr ^ ' 



dV 



|/i|<C(M,-,Fi,Fo)|F-F|niy|li,^. 



Now we estimate 12- Let r 



r-r 



, write I2 as 



+ 



'(ro,ri)n|li^<2r| 7(ro.ri)n| Ji^>2r| 

= /2I + ^22. 

Using (|2.6p and (|6.10p for /21 we have 

{x (F)-a;(F'))| 
\D'^K°' {x (f) -x(F')) 



|/2i|< / 



r-r' 
)nJ ^<2r 



(roXi)n^l^<3r 



^(F) 
dF ^ ' 

dx_ 

dr ^ ■ 



|y(F)-y(F')|dF' 
\y[Y)-y{V')\dY' 



dx 




dy 




df 


CO 


dV 


C« ■/ ' ' <3r \ 



< c 



<C -,M,Fi,Fo 
a 



rfa; 

dr 



1/3 



CO 



ll?/lli,/3|r-r| 
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We write I22 as 
I22 = 



d^.d^.K'^ [x [T] - X (r')) ^ (r) {y^ [T) - (f )) dF' 



(ro,ri)n|l^l^>2r| 



dV 



+ /E (x{r) - i{r')) - d.A,K'- (x (r) - 1 (r'))) i,r (r) (» (r) - » (r')) <ir' 



For /221 : 



-^221 + -^222 + -^223- 



1/221 1 < 



< 



dx 




dy 


r- 


r 


dr 


CO 


dV 


CO 




dx 




dy 


r- 


f 


dr 


CO 


dV 


CO 





1/ 

y(ro,ri)n 



/ro,r.)n{M>2.} Va'ir-r'l ' 



(x {r)-x{r'))\dT' 



<c -,M,ri,ro, 

a 



dx 

dr 



li,/3|r-f|[i + |iog|r-f||] 



which imphes Holder continuity for < /3 < 1. 
For /222 : 



I/222I < / 

Jo 



(ro,ri)n|lil^>2r| 



iD^K'' {x (r)-a;(r'))| 



dr^ ^ dv^ ^ 



\y{r)-y{r')\dr' 



< c 



<c{-,M, 



here we also used that 

For /223 : 
1/223 1 < 



dx 


\r-rf 


dy 


dr 





dT 



/ 



co7(ro,ron{M>2.} V«'|r-r'| ' 



1 ^ +^)|f-r'|dr' 



dx 
dT 



,ri,ro r-r 



li,/3 ; 



dx 




dy 


1 


dT 


CO 


dT 


CO J{r 



r-r'l < |r-r| + |r-r'|. 

D^K°'{x{T)-x{T'))-D'^K°' {x (f) -a;(r'))| |f -r'jrfr' 



^{^>2.} 



Since -1^^ > 2r and -t^^ > r, i.e., D^if" (x (F) - x (F')) - -D^-ff" (a; (F) - x (F')) is differentiable in 



[F, F] , we can apply the MVT to obtain that for F" € [F, F] 



D^K"" {x (F) - X (F')) - D^K"" {x (F) - x (F')) | = m 



C{M) I a 



IF" - F' 



|r"-r'| 

We also have that - — - — - > r. Hence 



/223I <C( -,M 



dx 




dy 


dT 


CO 


dT 



c° 



•^(Fo.ri 



a 



)nl'^"-^'l>r V|F"-Ff 



+ 1 iF-F'IdF' 



dx 
dT 



CO 



,Fi,Fo ||y||i_^|r-F| (l+|log|f-F||), 
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where we have also used that 

If " r'l < If - r"| + |r" - r'| < If - r| + |r" - r'| . 



This impUes Holder continuity for < /? < 1. 
Summing up we have 



D^u{x)y 



< 



M,|lx||,_^,ri,ro,/3) \\y\\,^^. 



The above proof deals with C^'^ case, for < /3 < 1. To show the local existence and uniqueness of 
solutions in case, one simply appHes directly the above proof (estimates (|6.5p . ((S?5)) . (|6.12p .( |6.13p ) without 
resorting to the Holder estimates. 

The proof of the Lipschitz case is similar to the proof of the C^-^ case, for example, to show Lipschitz 

'r-f I 



continuity of u {x (F)) for x G Lip ((Fo, Fi)), denote r 

To 



and write 



[x (F)) -u{x (f )) I < / {x (F) - X (F')) - i^" {x (f ) - X (F')) | dV 



(ro,ri)n£;, J(ro,ri)\B,- 



= h+h, 



where 



For /i, due to < \xl ^ < 



Er = {T' e (Fo,Fi) : '''^^^ "^^^'^1 < 2rM 



\x(T)-x{t')\ 



we have that 



r-r' 



< 2rAf^ and hence 



f-r' 



< 



(1 + 2M2). Thus by (g^ and ([O]) we obtain 
h < 



(r 



C 
< — 



o,ri)n| 



^ ^ \K'^{x{r)~x{T'))\ + \K"{x{f)-xiT'))\dr' 



dV 



<r(l+2M2) 



dT'] <C (M) r. 



For /t due to AI 



,|r-r'| \x(r)-x(r')\ „ 



|r-r'| |r-r'| 
we have that > 2r, and hence > r, which in turn 



implies that h(r)^^(^')l > -^^-^-^ > ^. Also, due to (F) - x (F) | < M |F - F| = Mr a we have for 



h(r")-Kr')| 

Ml), we have that for x (F") e B (a; (F) , |a; (F) - x (f ) |) 



every x (F") e B(2;(F),|a;(F) -a;(F)|) that 



> Mr. Hence by the mean value theorem and 



{x (F) - X (F')) - K'^ {x (f ) - X (F')) I < |VX" (x (F") - a; (F'))| \x (F) - x (F) | 



< 



1 1 

47r 



log 



\x{T")~x{T')\ 



+ ^]\x{T)-x{f)\ 



1 



< C7( Af,- ) |F-F| ( log 



a 

|F" - F' 



Hence 



\h\<rC[M,- 
a 



(ro,ri)n| l'"'„'"l >r| 



log 



|F" - F'l 



a 



UdV 



<C( Af,-,Fi,Fo)r(l + r|logr|), 
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Hence u {x (F)) is Lipschitz continuous. We remark, that in the proof of the C^'^ part we used partitions 
using the fact that x (F) is a differentiable, however, given the fact that differentiable functions are Lipschitz, 
one could have used the partitioning introduced in the proof of Lipschitz case on subsets of x (F) also for 
C^-'^ resuhs. □ 

Proposition lG. 21 implies the local existence and uniqueness of solutions: 

Proposition 6.3. Let — oo < Fq < Fi < oo, let V he either the space C'l''^ ((Fo,Fi)), Q < 13 <l or the 
space Lip((ro,Fi)), let K^' = [x ■.\x\^< Af, |a;|^ > ■jj]and let xq £ V C] {\x\^ > 0} ,then for any M, 
1 < M < oo, such that a;o G K^^ , there exists a time T{M), such that the system (j6.ip has a unique local 
solution X £ C\i-T{M),T{M)); K^'^). 

6.2 Step 2. Global existence. 

To show the global existence, we assume by contradiction, that Tmax < oo, where [0, Tmax) is the maximal 
interval of existence, and hence the solution leaves in a finite time the open set 7^*^, for all M > 1, that is, 
limsupj^y- = oo or limsupj_^j,- \x{-^t)\ ^ Therefore, if we show global bounds on ^^.(^^t)] ^^'^ 

\\x{-,t)\\y in [0, Tmax), we obtain a contradiction to the blow-up and thus the obtained local solutions can 
be continued for all time. The result extends to negative times as well. 

To control the quantities """^-^ and ||x(-,t)||y we need to bound /q^""'' II V^jU t), i)|j^oo((r(, Ti)) 
The next proposition provides the bound on the gradient of the velocity . 

Proposition 6.4. Let xq G Lip((Fo,Fi)) and \xq\^ > 0. Suppose the solution exists on [0,T,iiax)7 then for 
t e [0, Tniax) we have 

\Vxu{x{V,t),t)\ < ic(|xoL,Ci)(e*^i +1), (6.14) 
a 

where Ci^C^ (Fi-Fo). 
Proof. We write V {x(r,t),t) as 

Vxu{x{T,t),t)= / w,K"{x{r,t)^x{r',t))dr' 

+ [ =/l+/2, 

(ro,ri)n£;, J(ro,ri)\B, 



£■£ = i r e (Fo,Fi) : < e 



where 



for a fixed small < e < 1, to be further refined later. 

Let the vorticity q{x,t) be supported on the curve {a;(F,t) : Fq < T < Ti}, with a density ^(T,t) = 
l/|a;r (F,<:) | (due to the Lipschitz continuity of x (F,i) its derivative exists almost everywhere and is essen- 
tially bounded, and also due to {|a;|^ > 0}, the vorticity density 7(F,i) e L°° ((Fo,Fi))), that is for every 

LP G C-^ (R2) 

tf{x)dq(x,t) = I ip {x{T ,t)) dV. 
Jr„ 

Observe that the vorticity q{x,t) is a finite Radon measure which is the unique weak solution of the Euler 
equations given by Theorem 12. II of Oliver and ShkoUer [65]. Also, \\q\\j^ = Fi — Fq. 

Let 77 denote the unique Lagrangian flow map dtrj{y, t) = K°' [y, z) dq (z, t), r/ {y, 0) — y, q — q™ orj^^, 
y e given by Theorem 1 2. II We remark that in the formulation of BR-a model, we assumed the positivity 
of the vorticity q, see Proposition 14.11 Denote the distance between two points ri{y,t) and 7]{y',t) by 
= \v{y,t) -V{y',t)\, where r (0) = \y - y'\- 
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Then, using the esthiiate (2.14) of [65], we have 

d 



dt 



r{t) 



< J JK" {y,z)-K" {y\z)\dq{z,t) 
a \ a J 



a \ a 



where 



0, r = 0, 
ip(^r)—i^ r(l — logr), < r < 1, 

1, r>l. 



By comparison with the solution of the differential equatior{f| 



at a 



e(0) = |a;(r,0)-a;(r',0)|, 

we can choose e small enough, e < e^"*^"^^ , where Ci = C-^ ||9™||m ~ -l^i ~ ^o, e.g., e = e"'^*'^^ , such that, 
fo, Hr,)-.(T',)\ ^^^^ Ht,.)-.{v',o)\ ^ ^ Hence 



\x{V,t)-x{Y',t)\ ^r{t) _ (r{0) 
a ~ a 



(6.15) 



|x(r,o)-x(r',o)| 



.tCi 



(r,t)-2:(r',t)| r , , . iTT-mi 

Now, using also that |a;ol* is bounded away from zero, we can bound — from below, usmg (j6.15p . 



|x(r,t)-x(r,t)| ^ ^|x(r,o)-x(r',o)| 



/|r-r' 



tCi 



€(0) 



5(0) 



< 1, 



Mi>i, i>t", 

rv — ■ — ' 



where 



* Other wis 



|x(r,o)-x(r',o)| _ r(o) ^ ^ 



hence 



e > 



> —-^ > 

a 



|x(r,t)-x(r',t)i r(t) ^ J ^-Cit t<t*' 



. t>t**. 



Let t > i**, then we have £> " '^^ , a, contradiction. Otherwise t < t** = {^~^ ~ > hence C\t < (^-^ — 1 



a a. a ex. 



a contradiction. 
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which in turn impHes the bound (using also (|2.6p and l\6.9ti ) 



h < 



1 1 

(ro,ri)nl-'"'"7("'-'^l<e 



log 



\xiT,t)^x{T',t)\ 



a 



C 



dV 



1 



<-C(|xoL)(e*^^+l). 



While to bound we use the boundness of \\I^K°' {x (F, t) - x {V , t))\ in {V G (Fo, Ti) 



\x(v,t)-x[r' ,t)\ 



> 



h < 



sup iWa^K" {x{T,t) - x{T',t))\ dV 



|x(r.t)-3i(r'.t)| 
1 



ri 



<c^(|ioge| + i)(ri-ro) 



= Ci (e 



tCi 



□ 



Now, the bound on ||a; (•, t)||po on [0, Tmax) follows from ^ (F, t) = u{x (F, i) , and the fact that 
\u (x (F, t),t)\< r (x (F, t)~x (F', t))| dV < - (Fi - Fq) , 
due to the boundness of K'^ (see (|2.6p . (l6.3p V Also, by Gronwall inequality the bound (|6.14p provides bounds 

R~tyC ^^'^ on [0, Tniax). 

Finally, for the initial data in C^'^ ((Fo, Fi)), the bound (|6.14p provides bound on || ^ (•, t)\\^g on [0, Tmax) 
by Gronwall inequality. While the bound on |^ [Ojlliiax) is a consequence of 



dt 



xr (F, t) = {x (F, t) , t) • xr (F, , 



the bound (which is shown in a local existence part, see (j6.11l) ) 

|V,u(x(-,t),i)|^< c(^i,||xr(-,t)||^^,|x(-,t)L,Fi,Fo^ , 

(|6.14p and the Gronwall inequality. 

This yields global in time existence and uniqueness of Lip and C^''^,0 </?<!, solutions of (|6.ip 



6.3 Step 3. Higher regularity for closed curves. 

Now we show the higher regularity for an initially closed curve xo (F) e C'"''^ (S*^) n > 0}, n > 1, 
< P < 1. We remark that the high derivatives of the kernel (x) are singular at the origin, thus the 
condition on closedness of the curve. 

To provide an a priori bound for higher derivatives in terms of lower ones, we show that for x G 
C"-'^ (5-1) n {\x\^ < M, > jj}, the map u defined by ^ satisfies 

||«(2;)||„,^<c(^i,M,||x||„_,^^,i) 

hence by Gronwall inequality and the induction argument, it is enough to control \x\^ and \\x\\-^ ^, to guarantee 
that X (F) e C"''' (S'l), for aU n>l, (and consequently in C°° {S^), whenever xq € C°° {S^) n {\x\^ > 0}). 
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Lemma 6.5. Let V be the space C"'^ ("S"^); n> 1, < P < 1, and let u and be as defined in Propositic 
Ul Then for x e K^'' 



\\u{x)\\„ ij < C (^-^^M, ||x||„_i^^ , ||a;||„ ,3 . 



Proof. We show the proof for n — 2, the proof for general n is similar. The derivative of u with respect to 
r (in the sense of distributions) satisfies (see Appendix, Lemma lA.ip 



[x (r)) = (x (F) - X (r')) ^ (r) dr' 

+ p.v. / (r) - - (r')) ^ (r) ^ (r) dr' 



= /l+/2. 

/i can be bounded using similar arguments as for (|6.7p 



We write Ii as 



/2 = p.v. 



|r-r'| 



<£ "'(0,2ir)\ 



X: ° (I (r) - 1 (r')) ^ (r) ^ (r) dr' 



/2I + -^2 



where, because the curve is closed, we can fix a small £ < 7r/2 independent of F, by taking I21 = J 1 |r_r 



'D\ 



f |r-r'| "I I 



where D = (0, 27r) if ea < F < 27r - ea, D = (-vr, tt) if < F < ea, or D = (tt, Stt) if 27r - ea < F < 2n. 
Treating I22 as in the local existence proof, we have 



I/22I <C M, 



1 



l,/3 |r-r'l 



|r-F'| 



1 dV 



<C[-,M,\\x\\,,, ) |log£|. 



For I21 we have that 



/21 = 



1 



1 



p.v. 



|r-r'| 



^ a.,-(a;(F)-x(r))ff (F) dx, 



|x(F)-a:(F')| 



dF 



47ra2 / |r-r'[ 
^211 + ^212, 



k(r)-x(r)| , |:r(F)-x(r)| 
log : 



where 



-a;2 (x^ - a;!) 



2^ > cri2 (2;) = cr2i (a;) = —3 



1 I Xi [xl — 



\2^2 (2^1 a;2 



-a;i(a;f + 3x3)^ 

/212 is not a singular integral and due to 

|x(F)-a;(F')|<|kr||co|r-F'| 



, . I (X2 (3x? + xl) \ 
(6.16) 



28 



we obtain that 



We use the observation 



\hl2\<c\\\x\\lp. 



\f{x)-f{y)-{x-y)r{:x)\<\x-y\'+'\f'\p 
to desingularize the /211. We rewrite 

^ a,^{x{T)^x{T'))^{T) dx, ^ ^ a., {x {T) ~ x [T')) ^ {T) (r - T) dx, 



(6.17) 



E 



|a;(r)-2;(r')|(r-r') dr 

a,, {x (r) - X (rp) (ff (r) (r - V) - x, (r) + x, (rp) 

|a;(r)-x(r')|(r-r') dr 

ay (x (r) - a; (F')) (x, (F) - a;, (F')) da;^ 



(r) 



Jl + J2. 



|a;(r)-a;(r')|(r-r') 



dV 



(r) 



Observe that J2 = (Ptzt) (It (r)) and Ji < C (Af) ||a;||i_^ |r - r'| ^+'^ due to |cry | < 1 (see (l6J6l) ) and 
(|6T7)) . Hence 



1/2 



4^2 /|r-rM -^l"^^' + W \ dv' ) /|r-r'| (F' - T) 



1 /rfa;(r)Y 



<C{M)-^^\\x\f,/^e^. 



Summing up, we have that 



dr2 



u{x{V)) 



<C -,M, 



1 R ^\X 



Using the same ideas we also bound 



^.u(x{V)) 



□ 



Appendix 

Lemma A.l. Let x C^-^ {{Vq^Ti)) n > 0} then 

^ {x (r)) = {x (r) - X (r')) |j (r) rfr' 



/■Ti 2 , , 

^0 ij = l 



(^m f/ie sense of distributions) . 

Proof. By the definition of the distribution derivative, for all ip G ifi^o, ^1) \ 1^^) 
-'2"' \ ^ du , , dip 



(iS(x,r))..,r); = -^=(.(r)).rr(r, 



, dx , . , d^j 



Vi^"(a:(r)-x(r'))-(r)dr',-^(r) 



= — hm 



ri 



, , ir rM ^ vif" {x (r) - X (r')) § (r) drdr' 

/ro 7(ro,ri)nE^>e rfr dT 
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where for a fixed T we take s < min { J"" , Denote D = (rcFi) n ^ > s, by integration by 

parts we get 



= lim 



ro 



^(r)vif" {x{T)-x{r'))-{T) 



dD 



u T 



dr dV 



= lim / \a + B) dr' 



To 

For A we liave 



A = -<p (r' - ea) VK" {x {V - ea) - x {T')) ^ [V - ea) 
+ ^ (r' + ea) WK" {x (r' + ea)-x [T')) ^ {V + ea) 

= h+l2+h, 



wiiere 



(It 

h = (r' + ea)-^ {V - ea)] VK'^ {x {V + ea) - x (F')) ^ (F' + ea) , 

h^ip (r' - ea) [VX" {x (F' + ea) - x (F')) - Vi^" (x (F' - ea) - x (F'))] ^ (F' + ea) , 



I^ = ip (r' - ea) VK" {x (F' - ea) - x (F')) 



|:,r' + ec.)-|:(r'-ec.) 



I \x{r'+Ea)-x{r')\ 



Now, sincefor y G M ^ : |VK"(t/)| < - log ^ + O (j^) and |f > 
we have 

I Vi." (. (F' + .a) - . (F'))| < A log + + ^ 

<Cr|arU,l') (log£ + l), 



> \x\^e 



Hence 



Similarly, 





dip 




dx 


dT 


c° 


dT 



e (log£ + 1) ^ 0, as e ^ 0. 



CO 



\h\<c[\xl,'^ IMIco 



dF2 



e (log £ + 1) ^ 0, as £ ^ 0. 



For I2 we have 

\h\ < Mco 

using that for y gR'^ 



dx 
dT 



CO 



|Vif" {x (F' + £q;) - a; (F')) - V/ST" (x (F' - £a) - x (F'))| , 



Vif " (y) = pD*" (I2/I) (a (2/) + J) - a {y) {\y\) , 



where 



= J_ yiy2 



-r 

1 or 
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for ^ 0, we obtain 



I Vif " (y) - Vi^" < i A k (y) - ^ + 



477 
1 1 
47r 



logM 



a" 



+ 7rr2 |iog|y|-iog|y'l 



Now, due to 



|log \x (r' + ea) - X (r')| - log la; (r' - ea) - x (r')|| < C (^\\x\\,^^ , ^ 
\a {x (r' + ea) - (r')) -a{x {V - ea) - x (r'))| < C (^\x\\,^0 , ^) a^e^ 



we obtain 



\V^K°' {x {V + ea) - x (r')) - V^ii'" (a; (F' - ea) - x (r'))| ^ 0, as e ^ 0. 
We also have that 

I V^Jf" {x (r' + ea) - a; (F')) - V^Jf" (a; (F' - ea) - x (F')) | 

^ Q,/3£^ I dx I 



< C 



a^ 
a' 



c 


cZx 


2 


log 


cZx 








e2 




e 


a^ 


rff 






















,1 

l,/3 









+ 



\x\ 



hence by the Lebesgue's dominated convergence theorem 

/■ri 

lim / Adr' = 0. 

For B we have 
d 



dV 



VK- (x(F)-x(FO)-(F) 



VK'^{x{T)-xiT')) — {T) 



+ Y: d.,d,,K- {X (F) - X (F')) ^ (F) ^ (F) . 



Hence 



(^^{x{r,t),t),^{r)^ = l^^dT^iT) 

Vi^"(x(F)-x(F'))||(F)dF' + p.v.y^ J2d,^d,^K-{xiT)-xiT'))^{T)^iT)dT'\ , 



which concludes the proof. 



□ 
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